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1. Introduction and statement of the theorem 



We consider the time dependent linear Schrodinger equation: 

d 

i—u^-Au + V{x,t)u, (1.1) 

on T'^^ [— tt, tt) with periodic boundary conditions. The potential V is identified with a 
function on R x M, periodic in R with period 27r. (To emphasize the time dependence, 
we write V{x,t) for V.) We further assume that V is real analytic in {x, t) in a strip 

D^= (M + ip)2 (IpI < po, po > 0), real and bounded in R^: ||F||oo,k2 < C" < oo. We 
prove the following result: 

Theorem. There exists > 3, such that for all s > 0, there exists Cs, such that 

\\u{t)\\Hs < Cs[\og{\t\ + 2)r\\um\H^. (1-2) 

where u{t) is the solution to (1-1) with the initial condition uq G . 

Remark. As we will see later, the theorem in fact extends to the class of potentials 
where the analyticity is replaced by some uniform estimates on the derivatives (e.g., 
Gevrey) and boundedness on R^ is weakened to logarithmic growth in t. The exponent 
<j will however depend on the Gevrey exponent. In this paper, we only state the 
theorem in the analytic case. Previously, it was proven in [B2, 3] that for V e C°°, 

\\u{t)\\Hs <Cs,e{\t\ + mHmH^. 

for aU e > 0. 

In [N] , it was proven that for smooth time dependent potentials with certain random 
dependence on time, ||M(t)||i7s is almost surely unbounded in time, which shows that 
the log in (1.2) is almost surely necessary. On the other hand, in [W], it was proven 
that for an explicit time periodic potential ||tt(t)||j7s remains bounded for all t. Clearly 
this belongs to the exceptional set from the point of view of random dependence in 
time. The present Theorem together with [N, W] give a rather complete picture of 
time dependent linear Schrodinger equations on the circle. 

The proof consists of making periodic in time approximations by replacing F(a;, t) 
with Vi(a;,t) which is periodic in t with period 27rT and Vi(a;,t) = V{x.,t) for \t\ < T. 
The dynamics of equation (1.1) is hence equivalent to the dynamics of 

d 

i—u = —Au + Vi(x,t)u, (1-3) 
ot 

for \t\ < T. This part of the strategy is similar to [B2, 3]. 

From Floquet theory, the dynamics of (1.3) can be reduced to the spectral theory 
of the corresponding Floquet operator 

H= diag (^+j2) + y^* (1.4) 



on £^(Z^), where n is the dual variable of t, j the dual of x and 

/TtT* /•TT 
/ Vi{x,t)e-'^''e-'^'dxdt (1.5) 

is the Fourier transform of Vi . 

More specifically, let Tt = [— ttT, ttT) with periodic boundary conditions. For any 
initial datum uq e i^^(T), we identify uq with ito G L^(T) x L^(Tt) as follows: 

r uo{j,0) = 'uo(j), 
I uoij,n) = 0, n 7^ 

where iio is the Fourier transform of uq and uq that of mo- All solutions to (1.3) can be 
written as linear superpositions of Floquet solutions, which up to a phase are inverse 
Fourier transforms of eigenfunctions to (1.4). Localization of eigenfunctions of (1.4) 
therefore leads to control over Sobolev norms of solutions to (1.3). 

When T is a fixed integer period, which is the resonant case as ex (A) = G 
Z} C N, it was proven in [W] that under appropriate conditions (1.4) has pure point 
spectrum with exponentially localized eigenfunctions. This in turn leads to 

\\u{t)\\H^ <Cs\\u{0)\\hs 

for all s > 0. 

The main complication here is that T is a variable, in fact T — > oo. Using the 
identification (1.6) and the fact that for \t\ < T and large frequencies \j\ > J{T), the 
jjs Yvoxm. is essentially preserved, see (3.5) of Lemma 3.1, we construct approximate 
eigenfunctions to (1.4) by restricting H to H\ with A = {(j, 'n.)||j| < J{T), \n\ < 
N{T)} for approprate J, depending on T. This differs from [B2, 3] and enables us 
to obtain logarithmic bounds. 

We prove that these approximate eigenfunctions are localized in the proposition in 
sect. 2. The separation properties of the set € Z} again plays an important role 

here as in [W]. In sect. 4, using the proposition and some a priori estimate for linear 
Schrodinger equations, we prove the theorem. 



(1.6) 



2. Periodic approximations and Floquet solutions 

Let u{t) be the solution to 

d 

i—u = -Au + V{x,t)u, (2.1) 

with the initial condition uq G (0 < s < oo). We want to bound ||'u(t)||Hs as 
t — > oo. (When s = 0, the norm is conserved.) We therefore look at (2.1) for 
< |t| < ttT, T :§> 1, with the initial condition uq. Let G Co°[— 7r,7r] be a (fixed) 
Gevrey function of order a: 

max f'y^^h <C^+Vm!)", 1< a < oo (2.2) 
Te[-7r,7rl ' ar"^ I - V / > V / 



satisfying 




(2.3) 



(cf. [Ho]). 
Let 

Define 



m = H^)- (2.4) 



V^{x, t) = J2 t + 2TTjT)(j){t + 27rjT). (2.5) 

Then Vi(a;, i) is 2tt periodic in 2ttT periodic in t, analytic in Gevrey in t of order 
a, (1 < q; < oo). 

V^{x,t)^V{x,t) (2.6) 

for < |t| < T, and 

||Vi||oo<2||V|U. (2.7) 
So for < \t\ < T, we can study instead the equation 

d 

i—u = -Au + Vi(x,t)u. (2.8) 
ot 

Vi has the Fourier decomposition: 

V^{x,t)= Yl Mj,n)e'^'''+^'\ (2.9) 
jez, nez 

where 

|l>i(j»|<Ce-'=l^'l, |j|>(logT)^ 

<C7e-c|fr/"^ |n|>T(logT)^ (2.10) 
(T » 1, < C,c,5 < oo). 

Since we seek solutions to (2.8) for finite time: \t\ < T, it is convenient to replace 
Vi by V2 defined as 

V2{x,t)= Yl Vi{3,n)e'^^^+^'\ (2.11) 

|j|<(logT)- 
|n|<T(logT)° 

where (;>a>a + 5>l. Using (2.10), 



m-F.|U<e-('°^^)'''^"«^ (2.12) 

provided p < (logT)^'/«-i (t > 1), where l<a + S<a'<a. For |t| < T, (2.12) 
will permit us to use Floquet solutions to 

d 

i—u = -Au + V2{x,t)u, (2.13) 

in the approximation process in view of the following basic fact. 
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Lemma 2.1. Let u be an approximative solution of (2.8): 

d 

{i— + A-V{x,t))u = rj, 

with u{t = 0) = uq, where \\r]{t)\\i,i < e for all \t\ < T. Then the solution u to (2.8) 
with u{t — = uq satisfies 

\\u{t) -u{t)\\Li < e\t\ < eT 

for \t\ < T. 

Proof. Let S{t) denote the flow of (2.8). This foUows from the integral equation 

{u-u){t)=il S{t)S{T)-^r){T)dT 
Jo 

and \\S{t)\\L^^L^ = 1. □ 

Floquet solutions to (2.13) 

Since (2.13) is time periodic with period 27rT, any solution can be written as a 
linear superposition of Floquet solutions of the form e'^^*ip{x,t), where il^[x.,t) is 2tt 
periodic in x and 2ttT periodic in t: 

^{x,t)= J2 i'{j,n)e^^'^+^*\ (2.14) 

(j,n)€Z2 

E is called the Floquet eigenvalue; E, satisfy the eigenvalue equation: 

T (2.15) 

= Et/) 

on £^(Z^), where * denotes convolution: 

(y2*V))(j»= V2{j-j',n-n')i,{f,n'), (2.16) 

(i',n')eZ2 

V2{j,n) - Vi{j,n) if lil < (logT)'^ and |n| < T(logT)^ a>a + 5>l, 
= otherwise, 

and Vi satisfies (2.10). 

We identify the initial condition uq £ -^^(Z) with uq G £'^{7?), where 

uo{j,0) =uo{j) .^^^s 

uo{j,n)^0, n/0. 
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Since we are only concerned about finite time: \t\ < T, in view of (2.12, 2.17, 2.18), 
Lemma 2.1, the a priori estimate (3.5) and some related estimates, which we will prove 
in sect. 3 (see Lemma 3.1), it is sufficient to solve the eigenvalue problem in (2.15) in 
a finite region 

A= {(j,n) G Z^l \j\ < J{T), \n\ < AT(logT)-}, (2.19) 

where J{T) > depending on T and the Sobolev index s, A > 1 as in the following 
proposition, cr>Q! + 5>lasin (2.1). 

For any subset S dl? ^ define Hs to be the restriction oi H to S: 

, ,^ { H(nJ;n'j'), (n, ?) and (n', 7') e <S 
Hs{n,j;n'j') = \ / ^ ^' . ^ ^ (2.20) 

1^ otherwise. 

We have the following estimates on eigenfunctions of Ha- 
Proposition. Assume 

Ha^ = E^, UWiHA) = 1. (2.21) 

Define 

Qo = {{j, n) e A| \j\ < 4A(logT)-}, {a>a + S>l) (2.22) 
and for any (jo, no) e A, define 

n'{jo,no) = {{j,n) e A| | \j\ - \jo\ \ < (logT)^ \n-no\ < T(logT)<^}, {a > a + d > 1). 

(2.23) 

Then for all ^ eigenfunctions of Ha as in (2.21), ^ satisfies either 

||ell.^(A\no) < e-('°^^)^"^^ (2.24) 
or ||e||^^(A\a') < {K a + 5 < a' < a). (2.25) 

for some Q.' = fl'{jo, no), (jo, no) e A. 

Proof. For any given E, we define the resonant set Q such that if {j, n) e Q, then 

' + f - E\ < (logT)'' , {a>a + S>l). (2.26) 



'T 



So 



^""^^^ " - (logT)^-|l^2||oo - (i^' ^'-''^ 



if 

IIF2II00 < ^(logT)^ 

From (2.26), we have 

E--- (logT)- <f<E-- + (logT)-, {a>a + 5>l) (2.28) 

for (j, n) G O. We distinguish the following two cases: 
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(i) E < bA^ilogTf" 

The less or equal part of (2.28) gives \j\ < 3^(logT)^. So J] C e A\\j\ < 

3A(logT)'^}. Define B = A\Q, Bq = A\Qo, Bq C B. Let Pb, Pbo be projections onto 
the sets B, Bq. 

Assume ^ is an eigenfunction with eigenvalue E < 5^^(logT)^'^. Then 

PbC = -{Hb - E)-^PbT^ (2.29) 



where 
So 
Let 
Then 



T = H^-Hb®H^. (2.30) 
Pb^ = -{Hb - E)-^PBVPa^. (2.31) 
To = Hb-Hbo®Hb\Bo- (2.32) 



Pbo^ = PboPb^ 

= -Pbo{Hb, - E)-^PB,TP,^i (2.33) 

+ Pb,{Hb, - E)-^To{Hb - E)-^PBTPni, 

where we used Bq C B. Using (2.27) on {Hb^ - E)-^ and {Hb - E)'^ and (2.10, 
2.11, 2.15) on r. To, we obtain 

WPbMp < < ^"^ ' ^ " (1< a + 5 < a' < a, T » 1), (2.34) 

which is (2.24). 

(ii) E > 5A^{logT)^'' 

The greater or equal part of (2.28) gives 

IjI >2A(logT)^ (2.35) 
So if there exist (j, n), {j'.,n') e $7 C A, \j\ ^ \j'\, then 

|^+/-/|<2(logT)- 
from (2.26). Using (2.35), this implies 

l^^l>(b1 + l/l)(b'l-|/l)-2(iogT)<^ 

> (4A-2)(logT)'^ 

> 2A(logT)^ 

if ^ > 1, which is a contradiction from the definition of A. So \j\ = \j'\ and 

< 2(logT)'" < 2A(logT)'^ 



,n — n' 



for ^ > 1, if both (j, n), {j',n') G Cl. (2.25) follows by using the same argument as in 
(2.29-2.34) with Q,' replacing Qq. □ 



3. Some a priori estimates 



In this section, we collect some basic estimates on the flow of linear Sclirodinger 
equations with smooth potentials, cf. [Bl]. Since we will need estimates on norms 
for s > dependent on T, for completeness we also include their proofs, making 
explicit the dependence on s. 

Let S{t) be the flow of the linear Schrodinger equation in (2.1). Then S{t) is unitary: 
||5'(t)||^2^^2 = 1. Let Hj denote the Fourier multiplier deflned as 

nj = i, \j\<J/2, 

= 2{l-\j\/J), J/2<\j\<J, (3.1) 

= 0, |j|>J. 

Since V is real analytic in (x, t) and bounded in D, we have 

||^||oo,T< C"^+'m!, m = 0, 1,... (3.2) 
We have the following estimates on the norms: 
Lemma 3.1. 

\\S{t)\\Hs^H^<C'sm-' + l), (3.3) 

||[F,nj]||^.^^. <— (J»i), (3.4) 
\\{i-nj)S{t)\\Hs^Hs<i+^-^^\tr+' {J>\tn, (3.5) 

\\[S{t),Uj]\\Hs^H^ < i^!^(|t|3^+i + 1) (J > \tn. (3.6) 



Remark. The same estimates hold for the flow of (2.8) as only the x-derivatives are 
involved. 



Proof. Using (2.1), 



It follows that 



|||«(0lll,.=2ite(|l«W,|;|«(0) 

=2 Im (—u(t), T^iAu + Vu)) 

^dx^ ^ " dx^^ " (3.7) 

=2Im(— ^0, )^ ^^)- 

7+/3=s 
7>1 



|imt)|U^< \\<t)\WC^^H. (3.8) 

7>1 
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where we used (3.2). 
Using interpolation: 

\\uit)\\Hs-i < \\um^\Ht)\\b 

and more generally, 

\\uit)\\Hs-, < \\u{t)\\^\\u{t)\\l, {s > 7). (3.9) 
Using (3.9) in (3.8), we have 

^^\\uit)\\Hs < C'\\uit)f-)\\uit)\\l + C^u{t)\\p \\uit)\\l + ■■■ ^^^^^ 
+ C^+S!||^i(t)||^".^ Mml, + ■■■ + C'+h\\\u{t)\\L2 

Since 

"-hmns^ ^^hirnl = ||k(t)||H^ (1 < 7 < (3.11) 
we obtain from (3.10), 

\\u{t)\\Hs<C'sm' + l)\\uo\\Hs. (3.12) 

Hence 

\\S{t)\\Hs^Hs <C-'s\{\t\' + l). (3.13) 

To prove (3.4), it is more convenient to work with the Fourier variables j dual to 
X. Let V be the partial Fourier transform with respect to a;, we have 

[V,Uj]ljj') = V{j-f){Ilj{j') - UjU)), (3.14) 

where IIj is defined in (3.1). Since V is analytic, periodic in x and |V(a;,t)| < C for 
all t, 

|^(j-/)|<Ce-'^l^-^-'l, 
and from (3.1) |nj(/) - nj(i) | < 1, \j-j'\>J/2, (3.15) 

<j\j-j'\, \j-j'\<J/2. 

Using (3.15), we have 

\[V,Uj]lj,j')\ < Ce-^l^-^-'l, > J/2 

<^|j-/|e-l^-^-|, \j-j'\<J/2 

From Schur's lemma, we then obtain (3.4). 
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To prove (3.5), we proceed similarly to the proof of (3.3). We have 
-11(7 - Uj)u{t)\\l. = 2 Im ((/ - ^J)g^uit), {I - Uj)V^u{t)) 



7>1 



So 



§-^\\iI-Uj)uit)\\Hs 

<[y,nj]|mt)||H« + [|^,nj]|mt)||H.-i + c||(/-nj)^t)||^.-i 
+ ■ ■ ■ + + c^^'7!||(/ - nj)«(t)llH=-. 



Using 



then 



From Lemma 2.1 



(3.18) 



dW Cs\ 

\\[-g^,Ilj]\\Hs-.^Hs-.<—, (3.19) 

-nj)u{t)\\Hs-. < j::^\\u{t)\\Hs (3.20) 

and (3.9) in (3.18) and integrating over t, we obtain (3.5). 
To prove (3.6), assume u is a solution to (2.1) 

d 

i—u + Au — V(x, t)u = 0, 
ot 



(i^ + A)Uju - V{Uju) = -[V, Uj]u. (3.21) 



(3.22) 



[S{t),Uj]uo 
=S{t)Ujuo - UjS{t)uo 

= -i [ S{t)S{T)-^[V,Uj]u{T)di 
Jo 

Using (3.3, 3.4) in (3.22), we obtain (3.6). □ 



4. Bounds on Sobolev norms 

Let uo G be an initial datum, normalized so that ||wo||i7s = 1- We assume 
< s < logT, cf. (4.49). Let 

J = T^°^ (4.1) 
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Then from (3.5) 



\\S{0,t)uo\\H^ = \\Uj/^S{0,t)uo\\H^ + \\{l-Uj/^)S{0,t)uQ\\Hs 

< \\Ilj/4^S{0,t)uQ\\H'^ +2||uo||h-. 



(4.2) 



In view of the proposition and (4.2), let 

Jo = 4A(logT)^ {A>l,a>a + 6>1). (4.3) 

We make the following decomposition: 

\\Uj/^S{0,t)uo\\H^ < \\Uj/^S{0,t)U2j,uo\\H^ (4.4) 

+ \\Uj/^S{0,t){Uj/2-n2j,)uo\\Hs (4.5) 

+ \\Uj/^S{0,t){I-nj/2)uo\\H^. (4.6) 

(4.6) can be estimated using (3.5): 

\\Uj/^SiO,t){I-Uj/2)uo\\Hs < \\[SiO,t),Uj/2]uo\\Hs 

<2i^^(l+T3^+i)Klk^ (4.7) 
< 1. 

To estimate (4.5), we use the following 
Lemma 4.1. Let be such that 

supp C [-J/2, -2 Jo] U [2 Jo, J/2], (4.8) 

then 

\\Ilj/^S{t)<j)\\H^ <C'\mH^. (4.9) 
Proof. We identify with cf) defined as 



0(j,O) = ^(j), 

<^(i, ?^) = 0, n 7^ 0. 



(4.10) 



supp C A, where A is defined in (2.19). e £^(A). So we can expand using the 
eigenfunctions ^ of Ha'- 

= E(^'Oe. (4.11) 

Let xs be the characteristic function of the set S: 



X5|s = l, Xs|a\s = 0. 
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(4.12) 



For an eigenfunction ^ satisfying (2.25), let 

= Xn'^, Q = {C'le satisfies (2.25)}. (4.13) 
Using (4.8, 4.10, 2.24, 2.25) in (4.11), we have 

ll<^- E(^'^')^'II^^(A) ^ Oie-^'^^^^'^' ^\Uh.). (4.14) 

Since |A| < f^^^^ (-g.lQ, 4.1) and < s < logT, we have 

11^- E(<^'^')e'lk^(A) <e-^^^'^^^)'"^\ (4.15) 
C'eQ 

assuming 

a'>2a + 6>2. (4.16) 
From (4.13, 2.25), ^' is an approximate eigenfunction of H^'- 

^g-f(iogT)(^)^ (a'>2a + 5>2). 
Hence ^' is an approximate eigenfunction of H: 

H''^ diag if + p + V,* = H+ {V, - V2)*, (4.18) 

where H as defined in (2.15), Vi is defined in (2.5, 2.9) satisfying (2.10). This is 

because 

{H - E)C' = {Ha - E)C' + TC' + (V2 - Vi) * C', (4.19) 
where as defined in (2.20, 2.19), 

T = H-Ha®Hac (4.20) 

and 

||(^-E)^'||£2 < 2e-i(i°sT)(^) ^a' >2a + S>2), (4.21) 
using (4.17, 2.12). 
Define 

ax,t) = e'^* J2 ^'ij,n)e'^^-+9'\ (4.22) 
From (4.18), ^ is an approximate Floquet solution of (2.8) satisfying 

(2|- + A-Fi)e = e-i('°sT)(^' (a'>2a + 5>2). (4.23) 
ot 
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Let S{t) be the flow for equatfon (2.8), using Lemma 2.1 

- S{t)^{0)h < Te-i(i°s^)^^\ (4.24) 

Because of localization properties of ^' in (2.25), we will have good control over 
Wimn^ (see (4.28-4.37)). 

In view of (4.24), we express (f) as an approximate linear combination of ^(0) as 
follows. Taking the inverse Fourier transform of the expression under the norm sign 
in (4.14), we have equivalently 

Uix,e)-J2i^^e) E e'(j»e^^^'^+^'^l|L^(TxT.)<e-«('°^^)^^\ (4.25) 

where T denotes [— tt, tt) with periodic boundary conditions and denotes [— ttT, ttT) 
with periodic boundary conditions. 

So 4>{x) — 4>{x, 0) function on L^(T) satisfies 

ii0(a;)- j](<^,n E ^'o>K''iu^(T) 

<T^/^ (log ry/'^e- i T)( (4.26) 
<g-i(iogT)(^)^ ^a>a' >2a + 6> 2). 
Therefore for |t| < T, (4.24, 4.26) give 

\\s{t)cf>-j2i4>,em\\LHT) 

<e-|(iogT)(4F^) ^ \{4>,m{t)-SmO)\\LHT) 

eeQ (4.27) 

<2e-^(iog^)''^' > 2« + 5 > 2), 

where we used (4.1, 2.19). 

So we only need to estimate || '^^i^q{4^, 0^{'t)\\H'> {s > 0). Let Sj be the Dirac 
delta function at j. We have 

II E(^'^')^»ii^^ 

E(<^'^')(e»,5.)lT/' (4.28) 
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2s 








2s 


\j 



From the support of ^' (2.25), 

IIjI - |A;|| < 2(logr)'^ {a > 2). (4.29) 

Since 

|j| >2Jo = 8^(logT)" (^>1) (4.30) 
from (4.3), (4.29, 4.30) imply 

|j|/2< <2|j|. (4.31) 
We now make a dyadic decomposition of 0. Let R be dyadic and 

R/2 < \j\ < 2R. (4.32) 

So 

i?/4 < |A;| < 4i?. (4.33) 

Let 

cf>R= me''"- (4.34) 

R/4:<\k\<4R 

We then have 



R dyadic 



(4.35) 



(4.28) <[ ^'R'' E 

dyadic R/2<\j\<2R k ^'eQ 

R dyadic ^'SQ 

Using (4.27) and since supp (pR C supp 4> C [-J/2, -2Jo] U [2Jo, J/2], 

II < ll'5(t)</>fl||2 + 2e-^('°s^)'^^||0H||2 

f^Q (4.36) 

<2\\(I)r\\2 {a' >2a + 5 >2). 

Using (4.36) in (4.35), we have 

II E(<^'^')e»ik« 

<[ Yl 4^7?2^ .4110^112]^/' (4.37) 



Combining (4.37) with (4.27, 4.1), we obtain (4.9) with a shghtly larger C. □ 

Proof of the Theorem. We use the decomposition in (4.4-4.6), which decomposes into 
low, intermediate and high frequencies. (4.9) controls (4.5), the intermediate frequen- 
cies: 2 Jo < |j| < J/2, (4.7) controls (4.6), the high frequencies: |j| > J/2. So the 
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only work left is to control (4.4), the low frequencies: \j\ < 2Jo, which we do by iter- 
ating S{0,T)'^= S{T), \T\ times and each time making again the decomposition as in 
(4.4-4.6). 

We have 

\\Uj/^S{0,t)U2j,,Uo\\Hs 

<\\Uj/^S{l,t)U2j,S{OA)U2j,uo\\H^ (4.38) 
+ \\Uj/^S{l,t){Uj/2 - n2jJ5(0, 1)U2j,uo\\hs (4.39) 

+||nj/4^(i,t)(/-nj/2)^(o,i)n2jotiol|//«, (4.40) 

which is the analogue at t = 1 of the decomposition in (4.4-4.6), with S{0, 1)I12JqUo 
replacing uq. So we have 



(4.39)<C^||5(0,l)n2jo«o|k« 



(4.41) 



where we used 

\\S{0,1)\\hs^hs<2C's\ (4.42) 

from (3.3) and 

(4.40) < \\S{0, m^j^lHs ■ i^l^il + |T|3^+i) ^^_^3^ 
< 2C's\ 

(4.41, 4.42) are the analogues of (4.9, 4.7), which control (4.5, 4.6). 
Using (4.41, 4.42), we have after one iteration: 

\\Uj/^S{0,t)U2j,Uo\\H^ 
<\\Uj/^S{l,t)U2j,S{0,l)U2j,Uo\\H^ 

+ AC^^sl. (4.44) 
After r iterations, the analogue of the bound on (4.39) is 

C'\\S{r, r - m2j,S{r - 1, r - 2)n2jo • ■ -U^j^uoWh^ 

< C''\\S{r,r- 1)\\h^^hs ■ (2Jo)* (4.45) 

< 2C2*s!(2Jo)*; 

while the analogue of the bound on (4.40) is 

2C"s!(2Jo)". (4.46) 

After \T\ iterations, we then have 

\\Uj/4S{0,t)U2JoUo\\H'> 

<\\U2j,S{T - 1, T)^2J, ■ ■ ■ n2Jo^(r - 1, r)n2jo ■ ■ ■ n2jo^(0, \)^2jM\h^ 
+ 4C2*s!(2Jo)"|T| 
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(4.47) 



with a larger C. 

Using (4.47) in (4.4) and combining with (4.9, 4.7), we obtain 

||nj/4<S(0,T)i^o||H« < \T\{sJoyc\ 

Using (4.48) in (4.2), we have 

11^(0, T)«o||h^ <C^|T|(sJo)^ 

for all < s < logT. Interpolating with the bound HwoHls < 1 yields 

W.T)\\^,^^, < \T\^'/^{CsJor' 

< C"'(logT)("+i)^' (cT>2) 

with a larger C, for all < s' < s, where we took s = log \T\ and used (4.3) 
For a fixed s > 0, for \t\ < e^, the a priori bound (3.3) gives 

\\S{0,t)\\Hs^H^<C's\e'\ 
for \t\ > e®, we use (4.50). This gives immediately 

\\S{0,t)\\Hs^H^<C,{log{\t\+2)Y^+'> 

for all s > 0. Let ^ = cr + 1, we obtain the theorem. □ 
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